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We study the manipulation of quantum entanglement by periodic external fields. As an entan-
glement measure we compute numerically the concurrence of two flux qubits coupled inductively
and/or capacitively, both driven by a dc+ac magnetic flux. Also we find an analytical lower bound
for the concurrence, where the dominant terms correspond to the concurrence in the Floquet states.
We show that it is possible to create or destroy entanglement in a controlled way by tuning the
system at or near multiphoton resonances. We find that when the driving term of the Hamiltonian
does not commute with the qubit-qubit interaction term, the control of the entanglement induced
by the driving field is more robust in parameter space. This implies that capacitively coupled two
flux qubits are more convenient for controlling entanglement through ac driving fluxes.
PACS numbers: 74.50.+r,82.25.Cp,03.67.Lx, 03.65.Ud,42.50.Hz
I. INTRODUCTION
Entanglement is a central resource for quantum proto-
cols that exploits the non local correlations absent in its
classical analogues.
Among the rich variety of qubits that have been ex-
plored as candidates for quantum computation, solid
state superconducting devices based on Josephson junc-
tions circuits are promising due to their microfabrication
techniques and downscalability.1–4
To implement a quantum algorithm, one must be able
to entangle qubits by means of an interaction term in the
Hamiltonian describing a two qubit system. For super-
conducting flux qubits1,5, the natural interaction is be-
tween the magnetic fluxes, providing a coupling through
their mutual inductance.1,5,6 On the other hand, for
phase or charge qubits the dominant coupling is essen-
tially capacitive.7
Although coupled superconducting qubits have been
experimentally realized6,8,9, the generation and control
of entanglement can be quite complicated and demand-
ing, even requiring sequences of single- and two-qubit op-
erations. Along this line, pulse sequences have been im-
plemented for several superconducting qubits with fixed
interaction energies7,10. However, entangling operations
can be much more efficient if the interaction can be varied
and, ideally, turned off during parts of the manipulation.
Some tunable coupling schemes have been proposed,11–14
but these approaches failed in controlling the coupling
entirely.
Alternatively, engineering selection rules of transitions
among different energy levels is a possible strategy for
coupling and decoupling superconducting qubits.15 Fol-
lowing this idea, a method to create artificial selection
rules- by suppressing and/or exciting specific transitions-
has been developed for a pair of superconducting flux
qubits11, simultaneously driven by a single resonant fre-
quency with different amplitudes and phases.16
Our main goal is to study the possibility of manipu-
lating entanglement between two flux qubits, by external
driving fields of variable amplitude and fixed frequency
non resonant with any specific transition. The sensitivity
of the energy levels of a flux qubit driven by an exter-
nal (dc+ac) magnetic field, has been extensively studied
in recent years.17–21 The experimental implementation of
Landau-Zener-Stu¨ckelberg interferometry5,22 has become
a tool to analyze quantum coherence under strong driv-
ing and to access the multilevel structure of flux qubits,
which exhibits several avoided crossings as a function of
the magnetic flux.21 In most of these cases the Floquet
formalism has been employed to solve the system dynam-
ics in terms of quasienergies and Floquet states.23–25
In Ref.26 it has been recently shown how to gener-
ate entangled Floquet states in weakly interacting two
level systems by controlling the amplitude of the external
driving field. However Floquet states are not accessible
experimentally. Here we extend the study for arbitrary
coupling beyond the weak interaction case, and for gen-
eral pure states that can be prepared as initial states,
like the ground state of the two qubit system or states of
the computational basis. In particular we analyze how
the strength and the kind of coupling between the two
qubits affect the dynamics and the entanglement, con-
sidering different static couplings for a given microwave
driving field configuration.
The system of work consists in two coupled flux qubits
driven by (the same) microwave field. As usual, each
qubit is represented by a two level system27–29 and we
focus here on the case of negligible dissipation and/or
interaction with the environment. The two-qubits can
be coupled longitudinally or transversely. This corre-
sponds respectively to the inductive (i.e. by the mu-
tual inductance) and capacitive (i.e. mutual capacitance)
coupling13. As a measure of entanglement we choose
the concurrence30 which increases monotonically from 0
for non-entangled states to 1, for maximally entangled
states.
Experimentally there are some evidences of entangle-
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2ment measurements in solid state physics, although the
field is still immature. An advance in the ability to quan-
tify the entanglement between qubits was reported in
Ref. 31, with the implementation of a joint readout of su-
perconducting qubits using a microwave cavity as a single
measurement channel that gives access to qubit correla-
tions. Using state tomography, in Ref. 32 the full density
matrix of a two qubit system has been measured and the
concurrence and the fidelity of the generated state deter-
mined, providing an experimental proof of entanglement.
Additionally there are other proposals based on the mea-
surement of the ground state population of two copies of
a bipartite system33, that could give direct access to the
concurrence for pure states.
The paper is organized as follows. In Sec.II we present
a brief description of the system model for two coupled
superconducting flux qubits and we introduce the con-
currence in terms of Floquet states and quasienergies.
Section III is devoted to present the numerical and an-
alytical results for the concurrence taking into account
different types of coupling between the two qubits, lon-
gitudinal and transverse respectively. We analyze the
dependence of the concurrence on the parameters of the
microwave field and the coupling strengths. An analyt-
ical expression for a lower bound of the concurrence in
terms of the Floquet states is presented. Finally in sec.IV
we summarize our results together with the conclusions
and perspectives.
II. CONCURRENCE FOR THE TWO
COUPLED FLUX QUBITS MODEL
The dynamics of two coupled flux qubits can be de-
scribed by the global Hamiltonian34,35
Hˆ0 = −1
2
2∑
i=1
(
iσ
(i)
z + ∆iσ
(i)
x
)
+ Hˆ12, (1)
where i is the detuning energy (which is proportional
to the difference between the magnetic flux through the
qubit and half the quantum of flux), ∆i is the tunnel
splitting energy and σ
(i)
z , σ
(i)
x the Pauli matrices , with
i = 1, 2 the index of each qubit. Hˆ12 is the coupling
Hamiltonian, which for the longitudinal and transverse
couplings can be written respectively as:
Hˆz12 = −
Jz
2
σ(1)z ⊗ σ(2)z ,
Hˆc12 = −
Jc
2
(
(1− p)σ(1)x ⊗ σ(2)x + pσ(1)y ⊗ σ(2)y
)
,
(2)
with Jz and Jc the correspondent coupling constants.
As we already mentioned, it is possible to associate
the longitudinal coupling to an inductive coupling6,13,
since Jz = ±MI1I2 can be written in terms of the mu-
tual inductance M and the qubits currents I1,2. For
Jz < 0 (Jz > 0) the coupling is antiferromagnetic (fer-
romagnetic). For the transverse coupling Hamiltonian,
Jc is associated with the mutual capacitance between
qubits.12,13 We here introduce a mixing factor p ∈ R
to take into account different proposals of transverse
coupling13.
To study the dynamics in the presence of driving fields,
we replace as usual i → i(t) = i + f(t)26,29,34,35 where
f(t) = A cos(ωt) is the microwave field (magnetic flux)
of amplitude A and frequency ω applied to each qubit.
The resulting Hamiltonian is thus periodic in time,
Hˆ(t) = Hˆ(t + T ) with period T = 2pi/ω. Accord-
ing to the Floquet theorem23,27,28, the solution of the
Schro¨dinger equation can be spanned in the Floquet basis
{|uα(t)〉} as |Ψ(t)〉 =
∑
α aα(t0)e
−iγαt/~|uα(t)〉, with γα
the quasienergies and α the index labeling the eigenstates
of the time independent problem. For an initial condi-
tion |Ψ(t0)〉 at time t0, we define the coefficients aα(t0) =
〈uα(t0)|Ψ(t0)〉. The time-evolution for a Floquet state
is given by (H(t) − i~ ∂∂t )|uα(t)〉 = γα|uα(t)〉, and the
satisfy |uα(t + T )〉 = |uα(t)〉. Therefore after expand-
ing the time periodic Floquet states in the Fourier basis,
|uα(t)〉 =
∑
k e
ikωt|uα(k)〉 the time-dependent problem is
reduced to a time-independent eigenvalue problem. For
more details see Appendix A.
An entanglement measure quantifies the degree of
quantum correlations present in a given quantum state.
In the case of pure states |Ψ(t)〉 a useful quantity is the
concurrence30,
C(t, t0) = |〈Ψ(t)|∗σ(1)y ⊗ σ(2)y |Ψ(t)〉|, (3)
that goes from 0 for non-entangled states, to 1 for max-
imally entangled states. Notice that Eq.(3) depends im-
plicitly on the initial time t0 through |Ψ(t)〉.
Using the extended Floquet basis in Fourier space
{|uα(k)〉} with k ∈ Z, Eq.(3) can be written as
C(t, t0) = |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′)e−iϕ
kk′qq′
αβ (t,t0)|,
(4)
where ϕkk
′qq′
αβ (t, t0) = (γβ + γα − (k′ + k)ω)t − (γβ +
γα− (q′+q)ω)t0, with γαβ the quasienergies, C˜αβ(k, k′) =
〈uα(k)|∗σ(1)y ⊗ σ(2)y |uβ(k′)〉 and fαβ(q, q′) = aα(q)aβ(q′),
with aα
β
(qq′) = 〈uαβ (
q
q′)|Ψ(t0)〉 (see Appendix A). Under
general conditions, the initial time should be averaged
out, thus we compute the time-averaged of Eq.(4) over
t0,
C(t) =
1
T
∫ T
0
dt0 C(t, t0), (5)
which still presents an oscillating behaviour with time t
(see Fig. 2), typical for time dependent driven systems.
However and unlike the occupation probability, the con-
currence is not a periodic function of the driving period,
as can be easily checked from its definition, Eq. (4). In
order to eliminate the dependence on time t we perform
an additional time average, obtaining
C = lim
t′→∞
1
t′
∫ t′
0
dtC(t). (6)
3III. RESULTS
To solve the dynamics for both types of couplings (see
Eq.(2)), we use the Floquet formalism described in the
previous section.
After computing numerically the Floquet states and
quasienergies, we calculate the concurrence using Eq.(4)
and the respective averages over t0 and t, given in Eqs.
(5) and (6). In the Appendix B we derive an analyti-
cal expression CI , which is a lower bound of the time-
averaged concurrence C, whose interpretation in terms
of Floquet states will be discussed below.
Along this work, we fix i = 0, ∀i = 1, 2, and choose
without loss of generality, ∆1/ω = 0.1 and ∆2/ω = 0.15.
We take ~ = 1 and energy scales are normalized by ω.
A. Longitudinal coupling
We start with the results for the inductive coupling
Hamiltonian in the presence of driving,
HˆI(t) = −1
2
2∑
i=1
(
i(t)σ
(i)
z + ∆iσ
(i)
x
)
−J
z
2
σ(1)z ⊗σ(2)z . (7)
Fig.1 shows as a function of the detuning 0/ω and
for the longitudinal coupling strengths Jz/ω = −3 and
Jz/ω = −3.2, the eigenenergies Ei, i = 0, ..., 3 for
the time indepent Hamiltonian (red lines), and in black
the quasienergies for the driven Hamiltonian Eq.(7) for
A/ω = 3.8. We work with the (antiferromagnetic) cou-
pling Jz < 0, which reduces the energy of states |01〉, |10〉
while it increases the energy of states |00〉, |11〉, with
E = {|00〉, |01〉, |10〉, |11〉} the computational basis in the
product space of the two qubits.
The quasienergies display avoided crossings (quaside-
generacies), where the Floquet states are strongly mixed.
These quasidegeneracies will play a central role in the
structure of the concurrence as we will discuss in the fol-
lowing. In the limit of ∆i/ω → 0, the quasidegeneracies
transform in exact crossings of quasienergies, giving the
resonance condition γα − γβ = nω, n ∈ Z.27
For the present case of longitudinal coupling the
quasienergies of the two qubit system computed analyti-
cally for ∆i/ω → 0 using the Van Vleck nearly degenerate
perturbation theory27 are γα ∼ ±0+Jz/2+mω and the
(quasi) degenerate pair −Jz/2 + mω with m ∈ Z. As,
for ∆i/ω → 0, the driving (t) and the static coupling
Hamiltonian are both proportional to σz, the location
of the quasi crossings in the spectrum of quasienergies
are replicas (in ±mω) of the quasi crossings of the static
spectrum (see Fig.1). The resonance conditions are thus
satisfied respectively for 20 ∼ nω and 0±Jz ∼ nω, and
correspond to multiphoton processes where the popula-
tion probability is modulated by the zeros of the Bessel
functions of order n, Jn(A/ω) = 0.
27,35 Notice that while
the first condition gives half integer and integer values
(a) Jz/ω = −3
(b) Jz/ω = −3.2
FIG. 1: Eigenenergies in the absence of driving,
A/ω = 0 (red lines) and quasienergies for A/ω = 3.8
(black lines) as a function of 0/ω, for the coupling
strengths Jz/ω = −3 (a) and Jz/ω = −3.2 (b) (see
Hamiltonian Eq.(7)). Parameters are ∆1/ω = 0.1 and
∆2/ω = 0.15.
of 0/ω, the second one depends on J
z/ω. For integer
values of Jz/ω the quasidegeneracies are located at in-
teger values of 0/ω, as can be clearly seen from Fig.1a.
However, for arbitrary Jz/ω, quasi degeneracies also ap-
pear for values of 0/ω which are neither integer nor half
integers (see Fig.1b).
Fig.2 displays the concurrence C(t, t0) as a function of
the normalized time t/T calculated for the initial con-
dition |Ψ(t0)〉 = e−iE0t0 |E0〉, which was chosen as the
ground state of the time independent Hamiltonian (with
eigenvalue E0) for detuning energy 0/ω = 4 and static
coupling strength Jz/ω = −3 (see Fig.1). The driving
amplitude chosen is A/ω = 3.8. C(t, t0) was computed
for around 300 different initial times with t0/T ∈ [0, 1].
Notice that due to the different initial times, that in-
duce a different initial phase in the microwave field, the
curves are shifted. After averaging over t0, C(t) (black
line), turns out to be a smoother function whose time
average C, results independent on time as expected. In
the following we will focus on C, which contains the time
independent contributions to entanglement dominant for
long times.
In Fig.3a we show C as a function of 0/ω. The ini-
4FIG. 2: Plots of the concurrence C(t, t0) for 0/ω = 4
and A/ω = 3.8, as a function of the normalized time
t/T for 300 different initial times t0/T , represented on
the vertical colour bar. The initial state is |Ψ(t0)〉. In
black line C(t) is plotted and in magenta, its average C.
The inset show the plot in the range t/T ∈ [0, 500],
while the main figure shows a detail in an interval
t/T ∈ [480, 500]. Results correspond to inductive
coupling with Jz/ω = −3, see Eq.(7). The other qubits
parameters are the same than in Fig.1.
tial state is chosen as the ground state for the corre-
spondent 0/ω, and we keep the same values than in the
Fig.2 for the other parameters. In the absence of driv-
ing, A/ω = 0 (black line), the ground state is entangled
for detuning energies satisfying |0/ω| . |Jz/ω| = 3,
where the concurrence takes values close to 1. In par-
ticular, for 0 = 0, the ground state is the Bell’s state
(|01〉+ |10〉)/√2, which is known to be a maximally en-
tangled state.30 On the other hand, for values of detuning
energy |0/ω| > |Jz/ω| = 3 the ground state is almost
disentangled, i.e. for large values of 0 the ground state is
asymptotically a separable state of the computational ba-
sis, corresponding to |00〉 for 0  0 and |11〉 for 0  0,
see Fig.1.
When the driving is turn on (A/ω = 3.8), a pattern
of resonances is clearly visible in C, where entanglement
is either created or destroyed. For |0/ω| > |Jz/ω| = 3,
where the initial condition corresponds to a separable
state, we see that it is possible to generate entanglement
in a controlled way around a given resonance. Otherwise
entanglement is reduced.
The positions of the resonances in C are determined
from the already mentioned conditions: 20/ω ∼ n and
0/ω + J
z/ω ∼ n, with n ∈ Z. Therefore is around
a (quasi) degeneracy where the Floquet states can be
strongly mixed given rise to significant deviations in the
behaviour of the concurrence compared to the undriven
case.
Notice that in Fig.3a, the resonances are at integer and
half integer values of 0/ω, since J
z/ω = −3.
In Fig.3b, we plot C as a function of 0/ω and A/ω,
for Jz/ω = −3. For a particular multiphoton resonance,
the concurrence is modulated by the driving amplitude,
where full (or partial) recovery of the initial entanglement
is possible.
(a)
(b)
FIG. 3: (a) Plots of C versus 0/ω for A/ω = 0 (black
line) and A/ω = 3.8 (red line). (b) Colour map of C
versus 0/ω and A/ω. In both plots the initial condition
corresponds to the ground state for the correspondent
0/ω. J
z/ω = −3 is the coupling strength (see Eq.(7))
and other qubits parameters are the same as in Fig. 2.
So far, we have studied the entanglement for a fixed
value of the coupling strength. However in practical im-
plementations with flux qubits the intensity of the in-
ductive coupling can be controlled, and it is interesting
to analyse whether a different static coupling would in-
duce qualitative changes in the above description, taking
into account that the spectrum of quasienergies is sensi-
tive to this change (see Figs.1). In Fig.4 we plot a map
of C versus Jz/ω and 0/ω for A/ω = 0 and 3.8, respec-
tively, taking as the initial state the ground state for the
correspondent 0/ω and J
z/ω. In the absence of the mi-
crowave field (see Fig.4a) two well separated behaviours
are observed, corresponding to positive and negative val-
ues of Jz respectively. For Jz < 0 (antiferromagnetic
coupling) the ground state is entangled for |0| < |Jz| as
we already described, given rise to the triangular shaped
region in C. On the other hand, for the ferromagnetic
5(a) A/ω = 0 (b) A/ω = 3.8
(c) Jz/ω < 0 (d) Jz/ω > 0
FIG. 4: Colour map of C versus Jz/ω and 0/ω for A/ω = 0 (a) and A/ω = 3.8 (b) respectively. C versus 0/ω for
A/ω = 3.8, for antiferromagnetic (c) and ferromagnetic coupling strengths (d). See text for details.
coupling Jz > 0, which increases the energy of states
|01〉, |10〉 and decreases the energy of states |00〉, |11〉, the
ground state is entangled only for values 0 ∼ 0, being
approximately the Bell’s state (|00〉 + |11〉)/√2. When
the microwave field is on, C exhibits the structure of res-
onances where the entanglement is created or destroyed
in a well controlled way (see Fig.4b) with resonances lo-
cated at half integer or integer values of 0/ω and others
located at positions determined by the values of Jz/ω,
as we already mentioned. For integer values of Jz/ω the
resonances are at integers 0/ω, while for arbitrary real
values of Jz/ω they are respectively shifted to non inte-
ger values of 0/ω (notice the straight lines forming the
>-shaped pattern). These features are clearly observed
in Figs.4c and 4d, where C versus 0/ω is plotted for
Jz/ω ≶ 0 and A/ω = 3.8.
In Appendix B we derive an expression for a lower
bound CI of the averaged concurrence C, that reads:
CI = |
∑
α
C˜αα(t)
∑
q
|aα(q)|2| < C, (8)
where aα(q) = 〈uα(q)|Ψ(t0)〉 has been already defined
and C˜αα(t) is the time average of a Floquet preconcur-
rence C˜αα(t) ≡ 〈uα(t)|∗σ(1)y ⊗ σ(2)y |uα(t)〉. To obtain the
above expression for CI we have performed a rotating
wave approximation disregarding fast oscillating terms
in the concurrence, so we only consider the quasiener-
gies that fulfilled the relation γα + γβ = nω, n ∈ Z (see
Appendix B). In this way CI is mainly governed by the
Floquet preconcurrences, each one weighted by the pro-
jection of the Floquet states on the initial condition. It
should be noted that this expression is useful when the
initial state is non entangled, since CI determines the
minimal creation of entanglement.
In Fig.5 we plot C (black line) and CI computed from
Eq.(8) (red line), both as a function of 0/ω. We choose
the initial state |00〉, corresponding to a separable state
(of the computational basis), and work with the driven
amplitude A/ω = 3.8. In Fig.5a the coupling strength
is Jz/ω = −3. The position of the resonances at integer
values of 0/ω are well captured by the lower bound CI ,
and the agreement with C is quite good. Notice however
that for half integer values of 0/ω, C also exhibits reso-
nances that are quite attenuated in CI . This behaviour
can be understood taking into account that the station-
ary phase condition employed to compute CI involves the
sum γα+γβ of pairs of quasienergies, which gives either 0
or Jz. Therefore for integer values of Jz/ω and 0/ω, the
resonance conditions and the stationary phase condition
are both satisfied. On the other hand, for half integer
values of 0/ω the stationary phase approximation is not
fulfilled, and the resonances displayed in C are dimmed
in CI .
6(a)
(b)
FIG. 5: Plot of C (black line) and CI (red line) as a
function of 0/ω. In both cases is A/ω = 3.8 and the
coupling strength Jz/ω = −3 (a) and Jz/ω = −3.2 (b).
In Fig.5b we show a similar plot for Jz/ω = −3.2,
where some resonances in C are shifted to non integer
values of 0/ω, as we already discussed. However, due
to the stationary phase approximation, CI exhibits well
defined resonances only at integer values of 0/ω. As a
consequence, both curves are horizontally displaced re-
spect to each other.
Owing to the contribution of additional terms, C dis-
plays a background structure not observed in CI (see
Appendix B).
B. Transverse coupling
In this section we focus on the capacitive coupling, see
Eq.(2), for which the driven time dependent Hamiltonian
reads
HˆII(t) = −1
2
2∑
i=1
(
i(t)σ
(i)
z + ∆iσ
(i)
x
)
− J
c
2
((1− p)σ(1)x ⊗ σ(2)x + pσ(1)y ⊗ σ(2)y ),
(9)
where p ∈ R is a real number, and the other quantities
have been already defined.
Figure 6 shows the eigenenergies E′i, i = 0, ..., 3, as
a function of 0/ω for the static Hamiltonian for p =
(a) p = 0.5
(b) p = 0
FIG. 6: Energy levels for A/ω = 0 (red lines) and
quasienergies for A/ω = 3.8 (black lines) as a function
of 0/ω for J
c/ω = −3, see Hamiltonian Eq.( 9), with
p = 0.5 (a) and p = 0 (b). The qubits parameters are
the same as in previous figures.
0.5 (Fig.6a) and p = 0 (Fig. 6b), in both cases for the
coupling strength Jc/ω = −3.
The coupling Hamiltonian for p = 0.5 represents the
excitation exchange interaction which mixes the states
|01〉, |10〉 breaking the former degeneracy present in the
absence of coupling. For p = 0 the coupling Hamil-
tonian is Hˆc12 = J
c/2σ
(1)
x ⊗ σ(2)x , which includes the
excitation exchange interaction and the magnetization-
changing terms.26 In this case the coupling breaks the
former degeneracy between |01〉, |10〉 but also mixes the
states |00〉 and |11〉, given rise to the spectrum exhibited
in Fig.6b.
Additionally we plot the quasienergies for the driven
Hamiltonian Eq.(9) in black lines, for the amplitude
A/ω = 3.8. Notice that while for p = 0.5 the driving field
along σz and the coupling Hamiltonian commute, as it
can be checked from the properties of the Pauli matrices,
for p = 0 they do not. As a consequence, the spectrum
of quasienergies if Fig.6b has a non trivial structure.
The quasienergies can be obtained for arbitrary ampli-
tudes of the driving field for p = 0.5 using perturbation
theory for ∆i/ω → 0, as we have done for the longitu-
dinal coupling in Sec.III A. For the present case we get
γα ∼ ±0 + mω and ±Jc/2 + mω. Therefore the res-
onance conditions are satisfied for 0/ω + J
c/2ω ∼ n,
720/ω ∼ n and Jc/ω ∼ n (independent of the detuning),
being quite similar to the inductive case.
However for the p = 0 case, the additional limit A/ω →
0 has to be taken in order to get analytical expressions
for the quasienergies γα ∼ ±
√
20 + (Jc/2)
2 + mω and
±Jc/2+mω. Thus the resonance conditions are fulfilled,
in this limit, for Jc/ω ∼ n (independent of the detun-
ing), for values satisfying (20/ω)
2 + (Jc/ω)2 ∼ n2 and
for Jc/2ω ±√(0/ω)2 + (Jc/2ω)2 ∼ n. The two latter
relations give rise to an intricate pattern of quasidegen-
eracies in the spectrum of Fig.6b, that will induce a non
trivial behaviour in the concurrence.
FIG. 7: Colour map of C versus Jc/ω and 0/ω for the
capacitive coupling with p = 0.5, see Hamiltonian
Eq.(9).The driving amplitude is A/ω = 3.8 (see text for
more details).
We start by analyzing the concurrence for the sym-
metric case p = 0.5 where the response is quite similar to
the inductive coupling case previously studied. In Fig. 7
we plot C versus Jc/ω and 0/ω when the driving ampli-
tude is A/ω = 3.8 taking as initial condition the ground
state for each value of the detuning. It is evident that
the pattern of resonances where entanglement is created
or destroyed resembles the inductive case.
However, the symmetric transverse coupling mixes the
states |01〉, |10〉 independently of the sign of the coupling
strength Jc, given rise to similar ground states for both
Jc/ω ≶ 0, see Fig.6a. Consequently the concurrence ex-
hibits a quite symmetric pattern of resonances both in
Jc/ω and 0/ω, unlike the inductive studied in Sec. III A.
For other values of the parameter p 6= 0.5, we expect
a non trivial behaviour of the concurrence due to the
much richer structure of the spectrum of quasienergies.
In Fig.8a we show C without driving for a fixed value
Jc/ω = −3. For p = 0 (red line) the ground state is
separable for 0 = 0, corresponding to the singlet state
|s1〉|s2〉, with |si〉 = (|0〉i + |1〉i)/
√
2. On the other hand,
for 0 6= 0 the ground state is entangled and thus the con-
currence increases as the states become mixed. However
for larger values of 0 the state goes asymptotically to a
separable state (see Fig.6b).
For the p = 1 (green line) the ground state is maxi-
mally entangled for 0 = 0, but the concurrence decreases
as 0 increases, analogously to the p = 0 case. For com-
pleteness we include the coupling p = 0.5 already studied
(black line).
Figure8c shows C when the driving is on for an am-
plitude of A/ω = 3.8 and Jc/ω = −3. For p = 0 the
entanglement is created in a wide range of 0/ω, spe-
cially near of 0 = 0 where the initial state is a separable
state (corresponding to a singlet state). For p = 1 (green
line) the entanglement is reduced near 0 = 0. For larger
values of 0/ω we observe in both cases a quite similar
pattern, with the creation of entanglement due to the
driving, but with wider resonances compared to p = 0.5
case. This is in agreement with the landscape of avoided
crossings in the spectrum of quasienergies, due to the non
commutation of the static Hamiltonian with the driving
field.
The wider resonances generate a region where entan-
glement is quite robust to changes in the flux detuning.
This could be a tool to stabilize the entanglement created
by the driving field. In this way, it is interesting to extend
the analysis studying the dependence of C on p and 0/ω.
Fig. 8b shows the results without driving for Jc/ω = −3.
Two well defined regions can be observed where there is
a qualitative change in the behaviour of the concurrence.
For 0 < p < 0.5 the coupling Jc/2σ
(1)
x ⊗ σ(2)x is the dom-
inant term. In this case, for 0 ∼ 0 the ground state
is separable corresponding to the singlet states |s1〉|s2〉,
but as p increases it also does the term Jc/2σ
(1)
y ⊗ σ(2)y ,
and the ground state becomes entangled. For the region
0.5 < p < 1 the dominant term is Jc/2σ
(1)
y ⊗ σ(2)y and
in this case the ground state remains maximally entan-
gled near 0 ∼ 0 as p decreases. In Fig.8d we present
the results for driving amplitude A/ω = 3.8, where im-
portant creation of entanglement with a rich (and non
trivial) pattern of wide resonances is clearly observed in
an ample range of p 6= 0.5.
From the previous analysis it should be clear that al-
though for the symmetric case (p = 0.5) the resonances
are well defined and sharp, it could be interesting to profit
from wider resonances created for other values of p, in or-
der to control the entanglement induced by the driving
field.
Besides changing the dominant interaction in the cou-
pling Hamiltonian, one can analize the sensitivity of the
concurrence with the coupling strength for a fix value of
p. As an example we focus on the p = 0 case. The pattern
displayed in Fig. 9a in the absence of driving is consis-
tent with the resonant conditions obtained previously for
(∆i, A) → 0. In particular notice the regions where the
quasi linear behaviour with Jc/ω dominates for 0/ω ∼ 0,
turning into parabolic ones in the plane (0/ω, J
c/ω), for
larger values of the flux detuning. The concurrence takes
different values along these regions, even for a fixed Jc/ω.
The driving induces a drastic change in this behaviour.
Unlike the longitudinal coupling or the symmetric trans-
verse coupling case, where the behaviour with Jc/ω for
finite driving was quite predictable, we here observe non
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FIG. 8: Plot of C as a function of 0/ω for A/ω = 0 (a) and A/ω = 3.8 (c). p = 0 (red line), p = 0.5 (black line) and
p = 1 (green line). Colour map of C as a function of 0/ω and p for A/ω = 0 (b) and A/ω = 3.8 (d) respectively. In
all the cases the initial condition is the ground state |E′0〉. See text for more details.
(a) A/ω = 0 (b) A/ω = 3.8
FIG. 9: Colour map of C versus Jc/ω and 0/ω for the capacitive coupling p = 0, see Hamiltonian Eq.(9).The
driving amplitudes are A/ω = 0 (a) and A/ω = 3.8 (b). The initial condition is |E′0〉.(see text for details.
trivial features. Among others, is the generation of an
important amount of homogeneous entanglement for a
wide range of flux detuning and static coupling strength.
Additionally the concurrence exhibits a rather sym-
metric pattern for Jc/ω ≶ 0, similarly to the symmetric
transverse coupling case.
IV. CONCLUSIONS
In this work we have shown that entanglement can be
manipulated by external periodic driving fields. In par-
ticular we presented extensive numerical and analytical
results for the concurrence of a system composed by two
coupled flux qubits driven by an external ac magnetic
flux.
The main result is that when the system is tuned at
9or near a multiphoton resonance full control of entangle-
ment is possible: (a) when the initial state is disentangled
one can drive it towards a highly entangled state, and (b)
when the initial state is entangled one can strongly re-
duce entanglement with the driving.
In the special cases when the driving term in the
Hamiltonian and the interaction term in the Hamiltonian
commute (longitudinal coupling and symmetric p = 0.5
transverse coupling), the entanglement control region is
within a narrow range of the multiphoton resonances.
This shows, for example, as well-defined lines of “entan-
glement resonance ” in the {0, Jz(Jc)} plane in Fig.4b
and Fig.7. One advantage of this case is that once the
resonance is exactly tuned, the control of entanglement
is almost complete.
In the more common case where the driving Hamilto-
nian and the interaction Hamiltonian do not commute (as
shown here for the p = 0 transverse coupling), the multi-
photon resonances, as seen in terms of an entanglement
measure, are wide and nearly overlap. In the {0, Jc}
plane in Fig.9b this shows as broad regions where entan-
glement can be enhanced starting from a disentangled
initial condition. In this case, the control of entangle-
ment is more robust in parameter space without the need
to fine tune at a resonance. This suggests that fabricat-
ing flux qubits that interact through a capacitive (trans-
verse) coupling will be more convenient for entanglement
control through ac driving.
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Appendix A: Concurrence in Floquet basis
As it was presented in section II, the hamiltonian 1
driven by the microwave field, i(t) = i + Ai cos(ωt), is
periodic in time Hˆ(t) = Hˆ(t+T ), T = 2pi/ω. So we shall
work under the Floquet formalism23.
Given the global wave function of the system |Ψ(t)〉,
its evolution is governed by the Shro¨dinger equation
Hˆ(t)|Ψ(t)〉 = i~ ∂
∂t
|Ψ(t)〉. (A1)
We can spanned |Ψ(t)〉 in the Floquet basis
|Ψ(t)〉 =
∑
α
aα(t0)e
−iγαt/~|uα(t)〉, (A2)
where |uα(t)〉 = |uα(t+ T )〉 is the Floquet state with its
respective quasienergy γα, α the system index, aα(t0) =
〈uα(t0)|Ψ(t0)〉 and |Ψ(t0)〉 the initial condition. If we
replace the Eq. A2 into A1 we obtain
(H(t)− i~ ∂
∂t
)|uα(t)〉 = γα|uα(t)〉 (A3)
Solving this equation we obtain the evolution of |uα(t)〉.
It is straightforward to see that the shift γα → γα + nω,
n ∈ Z, leaves unchaged the Eq. A3 since the quasiener-
gies γα and γα + nω correspond to the Floquet states
|uα(t)〉 and e−inωt|uα(t)〉, respectively.
Now we can calculate the concurrence C(t, t0) =
|〈Ψ(t)|∗|σ(1)y ⊗ σ(2)y |Ψ(t)〉, presented in Sec. II. Using the
expantion |Ψ(t)〉 in the Floquet basis, we obtain
C(t, t0) = |
∑
αβ
aα(t0)aβ(t0)e
−i(γα+γβ)(t−t0)C˜αβ(t)|,
(A4)
with γα
β
the quasienergies, aα
β
(t0) = 〈uαβ (t0)|Ψ(t0)〉,
|Ψ(t0)〉 the initial condition and C˜αβ(t) = 〈uα(t)|∗σy ⊗
σy|uβ(t)〉. We shall take ~ = 1.
Using the extended Fourier basis |uα(t)〉 =∑
k e
−ikωt|uα(k)〉 and 〈uα(t0)| =
∑
q e
iqωt〈uα(q)|,
the Eq. A4 remains like
C(t, t0) = |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′)e−iϕ
kk′qq′
αβ (t,t0)|,
(A5)
where ϕkk
′qq′
αβ (t, t0) = (γβ + γα − (k′ + k)ω)t − (γβ +
γα− (q′+ q)ω)t0 with γαβ the quasienergies, C˜αβ(k, k′) =
〈uα(k)|∗σy ⊗ σy|uβ(k′)〉 and fαβ(q, q′) = aα(q)aβ(q′),
with aα
β
(qq′) = 〈uαβ (
q
q′)|Ψ(t0)〉.
Appendix B: Lower bound for time-averaged
concurrence
Here we calculate a lower bound for the average con-
currence C. First we expand the Eq. A5 as
C(t, t0) = |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′) cos(ϕ
kk′qq′
αβ (t, t0)
+i
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′) sin(ϕ
kk′qq′
αβ (t, t0))|
(B1)
where we separe it in the real (Re) and imaginarie (Im)
part. Second, using the relations |z| ≥ |Re(z)|, |Im(z)|,
for a complex number z ∈ C, the Eq. B1 is changed to
C(t, t0) ≥ |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′) cos(ϕ
kk′qq′
αβ (t, t0)|,
C(t, t0) ≥ |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′) sin(ϕ
kk′qq′
αβ (t, t0))|,
(B2)
Now we apply the inequality
∫ b
a
|f(x)|dx ≥
| ∫ b
a
f(x)dx|, with f(x) : R → R and a < b,
to the Eq. B2. Here we are inferiorly limiting
C = 1T
∫ T
0
dt 1T
∫ T
0
dt0C(t, t0). Then we obtain two lower
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bounds C ≥ CI , CII such as
CI = |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′)cos(ϕ
kk′qq′
αβ (t, t0)|,
CII = |
∑
αβkk′qq′
C˜αβ(k, k
′)fαβ(q, q′)sin(ϕ
kk′qq′
αβ (t, t0))|.
(B3)
Using the trigonometric identities sin(A − B) =
sin(A) cos(B) − cos(A) sin(B) and cos(A − B) =
cos(A) cos(B) + sin(A) sin(B), and taking the average
over t, t0 we obtain
cos(ϕkk
′qq′
αβ (t, t0)) = δγα+γβ−nω,0 δγα+γβ−mω,0
+ δγα+γβ−nω,pi/(2T ) δγα+γβ−mω,pi/(2T ),
sin(ϕkk
′qq′
αβ (t, t0)) = δγα+γβ−nω,pi/(2T ) δγα+γβ−mω,0
− δγα+γβ−nω,0 δγα+γβ−mω,pi/(2T ),
(B4)
with n = k + k′ and m = q + q′. Replacing T = 2pi/ω
and ordening the terms, we obtain
cos(ϕkk
′qq′
αβ (t, t0)) = δγα+γβ ,nω δγα+γβ ,mω
+ δγα+γβ ,(n+1/4)ω δγα+γβ ,(m+1/4)ω,
sin(ϕkk
′qq′
αβ (t, t0)) = δγα+γβ ,(n+1/4)ω δγα+γβ ,mω
− δγα+γβ ,nω δγα+γβ ,(m+1/4)ω.
(B5)
We suppose the main contribution to concurrence is
near the resonances condition γα+γβ = nω, this is equiv-
alent to a rotating wave approximation disregarding fast
oscillating terms. The averages over t, t0 remain
cos(ϕkk
′qq′
αβ (t, t0)) ∼ δγα+γβ ,nω δγα+γβ ,mω,
sin(ϕkk
′qq′
αβ (t, t0)) ∼ 0.
(B6)
Using the last result we obtain C ≥ CI ≥ CII = 0,
then the corresponding lower bound expression is
CI ∼ |
∑
αβ
knqm
C˜αβ(k, n− k)fαβ(q,m− q)δγα+γβ ,nω δγα+γβ ,mω|,
(B7)
Given the Eq.B7, it is necessary evaluate the condition
γβ = −γα + nω (also m) on the involved Floquet states.
We know that for a given Floquet state |uβ(t)〉 its evolu-
tion is governed by e−iγβ |uβ(t)〉. Therefore considering
the resonance condition we obtain
e−iγβ |uβ(t)〉 = eiγαe−inω|uβ(t)〉,
= eiγαe−inω
∑
k
eikωt|uβ(k)〉
= eiγα
∑
k
ei(k−n)ωt|uβ(k)〉
= eiγα
∑
k
eikωt|uβ(k − n)〉
= eiγα
∑
k
e−ikωt|uβ(n− k)〉.
(B8)
For another part, we can compare the last result to
(e−iγα |uα(t)〉)∗, where
(e−iγα |uα(t)〉)∗ = eiγα |uα(t)〉∗,
= eiγα
∑
k
e−ikωt|uα(k)〉∗
= eiγα
∑
k
e−ikωt|uα(−k)〉.
(B9)
Then, from Eq.B8 and B9, we obtain an equivalence re-
lation:
γβ → −γα + nω ⇒ |uβ(n− k)〉 → |uα(−k)〉. (B10)
Using the result B10 with n = k + k′ and m = q + q′,
the lower bound in Eq. B7 remains like
CI ∼ |
∑
αkq
C˜αα(k,−k)fαα(q,−q)|, (B11)
where C˜αα(k,−k) = 〈uα(k)|∗σy ⊗ σy|uα(−k)〉 and
fαα(q,−q) = aα(q)aα(−q), with aα(q) = 〈uα(q)|Ψ(t0)〉.
From Eq.B11, we identify a contribution of the form
∑
k
C˜αβ(k,−k) = 1
T
∫ T
0
dt C˜αα(t) = C˜αα(t), (B12)
where C˜αα(t) = 〈uα(t)|∗σy ⊗ σy|uα(t)〉 is the Floquet
preconcurrence. Also, using the property |uα(−q)〉 =
|uα(q)〉∗ we obtain
fαα(−q, q) = aα(−q)aα(q) = a∗α(q)aα(q) = |aα(q)|2,
(B13)
corresponding to the amplitude of the Floquet states pro-
jections over the initial condition.
Finally remplacing equations B12 and B13 in B11 we
obtain
CI ∼ |
∑
α
C˜αα(t)
∑
q
|aα(q)|2|, (B14)
This expression is useful for a non-entangled initial state
since it represents the minimal entanglement creation.
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